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In this paper, we study the quantization of the (1+1)-dimensional projectable Horˇava-Lifshitz
(HL) gravity, and find that, when only gravity is present, the system can be quantized by following
the canonical Dirac quantization, and the corresponding wavefunction is normalizable for some
orderings of the operators. The corresponding Hamilton can also be written in terms of a simple
harmonic oscillator, whereby the quantization can be carried out quantum mechanically in the
standard way. When the HL gravity minimally couples to a scalar field, the momentum constraint
is solved explicitly in the case where the fundamental variables are functions of time only. In this
case, the coupled system can also be quantized by following the Dirac process, and the corresponding
wavefunction is also normalizable for some particular orderings of the operators. The Hamilton can
be also written in terms of two interacting harmonic oscillators. But, when the interaction is
turned off, one of the harmonic oscillators has positive energy, while the other has negative energy.
A remarkable feature is that orderings of the operators from a classical Hamilton to a quantum
mechanical one play a fundamental role in order for the Wheeler-DeWitt equation to have nontrivial
solutions. In addition, the space-time is well quantized, even when it is classically singular.
I. INTRODUCTION
Quantum field theory (QFT) provides a general frame-
work for all interactions of the nature, but with one ex-
ception, gravitation. However, the universal coupling of
gravity to all forms of energy makes it plausible that
gravity should be also implemented in such a framework.
In addition, around the singularities of the Big Bang and
black holes, space-time curvatures become so high and
it is generally expected that general relativity (GR), as
a classical theory, is no longer valid, and Planck physics
must be taken into account, whereby these singularities
will be smoothed out and a physically meaningful de-
scription near these singular points is achieved. More-
over, once it is confirmed [1], the recent detection of the
primordial gravitational waves by BICEP2 [2] indicates
that in high energy gravity is quantized [3].
Motivated by the above considerations, quantization
of gravity has been one of the main driving forces in
physics in the past decades [4], and various approaches
have been pursued, including string/M-Theory [5] and
loop quantum gravity [6]. However, it is fair to say that
so far a well-established quantum theory of gravity is still
absent, and many questions remain open.
Recently, Horˇava [7] proposed a theory of quantum
gravity in the framework of QFTs, with the perspective
that Lorentz symmetry (LS) appears only as an emergent
symmetry at low energies, but can be fundamentally ab-
sent at high energies 1. In Horˇava’s theory, the LS is bro-
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1 Note that the breaking of LS in the matter sector is highly re-
stricted by experiments, but in the gravitational sector the re-
strictions are much weaker [8–10].
ken via the anisotropic scaling between time and space
in the ultraviolet (UV),
t→ b−zt, xi → b−1xi, (i = 1, 2, ..., d), (1.1)
where z denotes the dynamical critical exponent. This
is a reminiscent of Lifshitz scalars in condensed matter
physics [11], hence the theory is often referred to as the
Horˇava-Lifshitz (HL) gravity. For the theory to be power-
counting renormalizable, the critical exponent z must be
z ≥ d [7, 12], while the relativistic scaling corresponds to
z = 1.
With Eq.(1.1) as the guideline, Horˇava assumed that
the breaking of the LS and thus the 4-dimensional dif-
feomorphism invariance is only down to the so-called
foliation-preserving diffeomorphism,
t→ t′(t), xi → x′i (t, xk) , (1.2)
often denoted by Diff(M, F). This gauge symmetry
provides a crucial ingredient to the construction of the
HL gravity: its action includes only higher-dimensional
spatial (but not time) derivative operators, so that the
UV behavior is dramatically improved, and in particular
can be made power-counting renormalizable. The ex-
clusion of high-dimensional time derivative operators, on
the other hand, prevents the ghost instability, so that the
long-standing problem of unitarity is resolved [13]. In the
infrared (IR) the lower dimensional operators take over,
and presumably provide a healthy IR limit.
Applying the HL theory to cosmology, various remark-
able features were found [14]. In particular, the higher-
order spatial curvature terms can give rise to a bouncing
universe [15], and may ameliorate the flatness problem
[16]. The anisotropic scaling provides a solution to the
horizon problem and generation of scale-invariant per-
turbations either with [17] or without [18] inflation. The
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2scalar perturbations become adiabatic, not because of
the conservation of energy as in GR [19], but because
of the slow-roll condition [17]. Similar results were also
obtained for tensor perturbations of primordial gravita-
tional waves [20], while the vector perturbations are still
trivial. The dark sector can have its purely geometric
origins [21, 22], and so on.
Despite all these remarkable features, it was soon found
that the original version of the HL gravity is plagued with
several undesirable issues, including the IR instability [7,
23] and strong coupling [24]. To address these problems,
various models were proposed [14]. So far, several models
are free of these problems, and are consistent with the
solar system tests [25, 26] and cosmological observations
[27, 28]: One is the healthy extension of the HL gravity
[29], and another is the nonprojectable general covariant
theory [30]. The latter has been recently embedded into
string theory [31].
In this paper, we study another important issue of
the HL gravity - the quantization. It is well-known that
normally this becomes extremely complicated and very
mathematically involved in (3+1)-dimensions [4]. To by-
pass these technical issues, in this paper we shall study
the quantization of the HL gravity in (1+1)-dimensional
(2d) spacetimes, so the problem becomes tractable, and
may still be able to shed lights on some basic nature
of the quantization of the theory, as various important
examples of the (3+1)-dimensional (4d) gravity belong
to this class, including spherically symmetric black holes
and the FRW universe, not to mention the string in-
spired models [32], although it is also well-known that
GR in 4-dimensions is quite different from that in lower
dimensions [33].
Specifically, the rest of the paper is organized as fol-
lows: In Sec. II we shall provide a brief review on the
2d HL gravity, from which it can be seen that, unlike
the 2d GR, the 2d HL gravity is non-trivial even with-
out coupling to matter. This can be further seen from
the non-trivial (classical) vacuum solutions of the theory
with the projectability condition, presented in Sec. III,
in which the local and global properties of the solutions
are also studied. In Sec. IV, the quantization of the 2d
HL gravity is carried out explicitly by the canonical Dirac
quantization. In addition, we find that the problem can
also be reduced to the quantization of a simple harmonic
oscillator [34]. In Sec. V, we generalize these studies to
the case where the HL gravity is minimally coupled to a
scalar field, which shares the same gauge symmetry as the
2d gravitational sector. Unlike the vacuum case, we find
that now the momentum constraint cannot be solved ex-
plicitly in general. Then, we restrict ourselves only to the
case in which the fundamental variables depend only on
time. Similar to the vacuum case, now the system can
also be quantized by the standard Dirac quantization.
The corresponding Hamilton can be also written in two
interacting harmonic oscillators. When the interaction
vanishes, one of the two oscillators has positive energy
and the other has negative energy. The paper is ended in
Sec. VI, in which we derive our main conclusions. A re-
markable feature is that orderings of the operators from
a classical Hamilton to a quantum mechanical one play a
fundamental role in order for the Wheeler-DeWitt equa-
tion Hˆ |Ψ〉 = 0 to have nontrivial solutions. In addition,
space-times can be still well quantized, although they are
classically singular [cf. Fig.1]. This is true not only for
the vacuum case, but also for the case coupled with the
scalar field [cf. Fig.4].
Note that the quantization of the 2d HL gravity was
studied recently in [34], and showed that it is equivalent
to the 2d causal dynamical triangulations (CDT) when
the projectability condition is imposed. In addition, the
3d projectable HL gravity was also studied numerically
in terms of CDT [35], and found evidence for the con-
sistency of the quantum phases of solutions to the equa-
tions of motion of classical HL gravity. Benedetti and
Guarnieri, on the other hand, studied one-loop renor-
malization in a toy model of the HL gravity, that is, the
conformal reduction of the z = 2 projectable HL theory
[36]. They found that the would-be asymptotic freedom
associated to the running Newton’s constant is exactly
balanced by the strong coupling of the scalar mode as
the Weyl invariant limit is approached. Then, they con-
cluded that in such model the UV limit is singular at one
loop order, and argued that a similar phenomenon should
be expected in the full theory, even in higher dimensions.
Loop corrections and renormalization group flows were
also studied in some particular models of the HL grav-
ity [10, 37], and different conclusions were obtained for
different models.
II. HORAVA-LIFSHITZ THEORY OF GRAVITY
IN (1+1)-DIMENSIONS
The Einstein’s theory of gravity in (1+1)-dimensional
spacetimes is trivial, as the Riemann and Ricci tensors
Rµνβγ and Rµν are uniquely determined by the Ricci
scalar R via the relations [33],
Rµνβγ = 1
2
(gµβgνγ − gµγgνβ)R,
Rµν = 1
2
gµνR, (2.1)
where the Greek letters run from 0 to 1. Then, the Ein-
stein tensor Eµν [= Rµν − 12gµνR] always vanishes, and
the Einstein-Hilbert action 2
SEH = ζ
2
∫
d2x
√
(2)g
(R− 2Λ + ζ−2LM), (2.2)
2 In 2d spacetimes, the integral
∫
d2x
√
(2)g R always gives a
boundary term. So, normally one does not consider it. This can
also be seen from the field equations (2.3).
3leads to a set of non-dynamical field equations, in
which the metric gµν is directly related to the energy-
momentum tensor Tµν via the relation,
Λgµν = 8piGTµν , (2.3)
where ζ2 = 1/(16piG) 3. Therefore, in order to have a
non-trivial theory of gravity in 2-dimensions (2d), extra
degrees are often introduced, such as a dilaton [32] or a
Liouville field [38].
However, this is not the case for the HL gravity [7],
as the latter has a different symmetry, the foliation-
preserving diffeomorphisms (1.2). Then, the general
gravitational action takes the form,
SHL = ζ
2
∫
dtdxN
√
g (LK − LV ), (2.4)
where N denotes the lapse function in the Arnowitt-
Deser-Misner (ADM) decompositions [39], and g ≡
det(gij), here gij is the spatial metric defined on the
leaves t = Constant. LK is the kinetic part of the ac-
tion, given by
LK = KijKij − λK2, (2.5)
where λ is a dimensionless constant, and Kij denotes the
extrinsic curvature tensor of the leaves t = Constant,
given by
Kij =
1
2N
(−g˙ij +∇iNj +∇jNi) , (2.6)
and K ≡ gijKij . Here g˙ij ≡ ∂gij/∂t, ∇i denotes the
covariant derivative of the metric gij , and N
i the shift
vector. In the (1+1)-dimensional case, since there is only
one spatial dimension, we have i, j = 1, and
K = g11K11 = − 1
N
(
γ˙
γ
− N
′
1
γ2
+
N1γ
′
γ3
)
, (2.7)
where γ ≡ √g11, γ′ ≡ ∂γ/∂x, etc.
On the other hand, LV denotes the potential part of
the action, and is made of R, ∇i and ai, that is,
LV = LV (R, ∇i, ai) , (2.8)
where ai ≡ N,i/N and R denotes the Ricci scalar of the
leaves t = Constant, which identically vanishes in one-
dimension, i.e., R = 0. Power-counting renormalizibility
condition requires that LV should contain spatial oper-
ators with the highest dimensions that are not less than
2z, where z ≥ d [7, 12], and d denotes the number of
the spatial dimensions. Taking the minimal requirement,
that is, z = d, we find that in the current case (d = 1)
we have
LV = 2Λ− βaiai, (2.9)
3 It should be noted that, unlike in the 4-dimensional case, now ζ
is dimensionless (so is G).
where Λ denotes the cosmological constant, and β is an-
other dimensionless coupling constant. Collecting all the
above together, we find that the gravitational action of
the HL gravity in (1 + 1)-dimensional spacetimes can be
cast in the form,
SHL = ζ
2
∫
dtdxN
√
g
[
(1− λ)K2 − 2Λ + βaiai
]
.
(2.10)
III. CLASSICAL SOLUTIONS OF THE 2D HL
GRAVITY WITH THE PROJECTABLE
CONDITION
Assuming the projectabilility condition, we have [7]
N = N(t), (3.1)
from which we immediately find ai = 0. In the rest of
this section, we shall assume this condition. Then, the
variations of the action SHL with respect to N and N1
yield the Hamiltonian and momentum constraints, and
are given, respectively, by∫
dxγ(K2 + 4Λ˜) = 0, (3.2)
K ′ = 0, (3.3)
where Λ˜ ≡ Λ/[2(1− λ)]. The variation of the action SHL
with respect to γ, on the other hand, yields the dynamical
equation,
K˙ +
1
2
N(K2 − 4Λ˜) + Kγ˙
γ
− 2KN
′
1
γ2
+
(
N1K
γ2
)′
+
3KN1γ
′
γ3
= 0. (3.4)
Using the gauge freedom of Eq.(1.2), without loss of
the generality, we can always set
N = 1, N1 = 0, (3.5)
so that the 2d metric takes the form,
ds2 = −dt2 + γ2(t, x)dx2. (3.6)
It should be noted that Eq.(3.5) uniquely fixes the gauge
only up to
t′ = t+ t0, x′ = ζ(x), (3.7)
where t0 is a constant, and ζ(x) is an arbitrary function
of x only.
With the above gauge choice, Eq.(3.4) reduces to
K2 − 2K˙ + 4Λ˜ = 0. (3.8)
On the other hand, from the momentum constraint (3.3)
we can see thatK is independent of x, so the Hamiltonian
constraint Eq.(3.2) reduces to,
(K2 + 4Λ˜)
∫
dxγ(t, x) = 0. (3.9)
4Therefore, there exist two possibilities,
i) K2 + 4Λ˜ = 0, ii)
∫
dxγ(t, x) = 0. (3.10)
In the following, we consider them separately.
A. K2 + 4Λ˜ = 0
In this case, the extrinsic curvatureK is just a constant
given by
K = ±2
√
−Λ˜, (3.11)
which makes sense only when Λ˜ < 0. From Eq.(3.15), we
can find
γ = e±2
√
−Λ˜t+F (x), (3.12)
here F (x) is an arbitrary function of x only. Using the
gauge residual (3.7), we can always set F (x) = 0, so the
metric reduces to,
ds2 = −dt2 + e4
√
−Λ˜tdx2. (3.13)
This is nothing but the de Sitter spacetime.
B.
∫
dxγ(t, x) = 0
In this case, we can see that γ(t, x) has to be an odd
function of x, i.e., γ(t, x) = −γ(t,−x). Then, from
Eq.(3.8) we find that
dK
K2 + 4Λ˜
=
1
2
dt. (3.14)
Since K is independent of x, we find
γ˙
γ
= −K(t). (3.15)
To solve the above equations under the constraint∫
dxγ(t, x) = 0, it is found convenient to consider the
cases Λ˜ > 0, Λ˜ < 0, and Λ˜ = 0, separately.
1. Λ˜ > 0
Straightforward integration of Eq. (3.14) gives us
K = β tan
[
β
2
(t− t0)
]
, (3.16)
where β ≡
√
4|Λ˜|. Then, from Eq.(3.15) we find,
γ = cos2
(
β(t− t0)
2
)
γˆ(x). (3.17)
To satisfy the Hamiltonian constraint, γˆ(x) must be an
odd function of x, so that∫ L∞
−L∞
γˆ(x)dx = 0, (3.18)
where x = ±L∞ denote the boundaries of the spacetime
in the spatial direction, which can be taken to infinity.
With this in mind, we can introduce a new coordinate x′
by dx′ = γˆ(x)dx, so the metric takes the form,
ds2 = −dt2 + cos4
(
βt
2
)
dx′2. (3.19)
Note that in writing the above expression, we had set
t0 = 0 by using another gauge freedom given in Eq.(3.7).
Setting
T =
2
β
tan
(
βt
2
)
, (3.20)
the above metric can be cast in the conformally-flat form,
ds2 =
(
1 +
β2
4
T 2
)−2 (
−dT 2 + dx′2
)
, (3.21)
for which we have
K =
β2
2
T. (3.22)
That is, the space-time is singular at T = ±∞. This is a
real space-time singularity in the HL gravity [40], since it
is a scalar one and cannot be removed by any coordinate
transformations allowed by the symmetry of the theory.
The corresponding Penrose diagram is given by Fig. 1.
2. Λ˜ < 0
In this case, Eq.(3.14) has the solution
K =
−β tanh
[
β
2 (t− t0)
]
, |K| < β,
−β coth
[
β
2 (t− t0)
]
, |K| > β.
(3.23)
In the following, let us consider the two cases separately,
as they will have different properties.
Case a) |K| < β: Then, from Eq.(3.15) we find that
γ = cosh2
[
β
2
(t− t0)
]
γˆ(x). (3.24)
Again, using the gauge residual (3.7), without loss of the
generality, we can always set t0 = 0 and dx
′ = γˆ(x)dx,
so the metric finally takes the form,
ds2 = −dt2 + cosh4
(
βt
2
)
dx2. (3.25)
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FIG. 1: The Penrose diagram for the solution (3.21), in which
the space-time is singular at both past and further null infini-
ties (T = ±∞), denoted by the lines AC, AD, BC and BD.
Note that we dropped the prime from x in writing down
the above expression. Then, we can see that the metric is
singular at t = ±∞. However, Eq.(3.23) shows that K is
finite at these two limit. In addition, the corresponding
2d Ricci scalar R is given by
R = β2 cosh(βt)
cosh2
(
βt
2
) , (3.26)
which is also finite as t → ±∞. To further study the
properties of these singularities, let us consider the tidal
forces experienced by a free-falling observer, whose tra-
jectory is given by the timelike geodesics, satisfying the
Euler-Lagrange equation,
∂Lp
∂xµ
− d
dτ
(
∂Lp
∂x˙µ
)
= 0, (3.27)
where τ denotes the affine parameter along the geodesics,
and
Lp ≡
(
ds
dτ
)2
= −t˙2 + cosh4
(
βt
2
)
x˙2, (3.28)
but now with t˙ ≡ dt/dτ , etc. For timelike geodesics we
have Lp = −1. Since the metric (3.25) does not depend
on x explicitly, Eq.(3.27) yields the conservation law of
momentum,
2 cosh4
(
βt
2
)
x˙ = p, (3.29)
where p denotes the momentum of the observer. Inserting
the above expression into Eq.(3.28), we find that
t˙ = ±
√
4 cosh4
(
βt
2
)
+ p2
2 cosh2
(
βt
2
) , (3.30)
where “+” (“-”) corresponds to the observer moving
along the positive (negative) direction of the x-axis. Set-
ting eµ(0) = dx
µ/dτ , we can construct another space-like
unit vector, eµ(1) as
eµ(1) =
± p
2 cosh2
(
βt
2
) ,
√
4 cosh4
(
βt
2
)
+ p2
2 cosh4
(
βt
2
)
 , (3.31)
which is orthogonal to eµ(0), and parallelly transported
along the time-like geodesics,
gµνe
µ
(a)e
ν
(b) = ηab, e
µ
(1);νe
ν
(0) = 0, (3.32)
where ηab = diag.(−1, 1), and a semicolon “;” denotes the
covariant derivative with respect to the two-dimensional
metric gµν . Projecting the two-dimensional Ricci tensor
onto the above orthogonal frame, we find that
R(0)(0) = −R(1)(1) = − β
2 cosh(βt)
2 cosh2
(
βt
2
) ,
R(0)(1) = 0, (3.33)
which are all finite as t→ ±∞. Therefore, the singular-
ities at t = ±∞ must be coordinate ones. In fact, they
represent the boundaries of the space-time. To see this,
let us consider the proper time that the observer needs
to travel from a given time t0 to t = ∞, which is given
by
∆τ =
∫ ∞
t0
2 cosh2
(
βt
2
)
√
4 cosh4
(
βt
2
)
+ p2
=∞, (3.34)
for any finite t0. That is, starting at any given finite
moment, t0, the observer always needs to spend infinite
proper time to reach at the time t =∞. In other words,
t = ∞ indeed represents the future timelike infinity of
the space-time. Similarly, one can see that t = −∞ rep-
resents the past timelike infinity.
To study its global structure, let us first introduce the
new timelike coordinate T via the relation,
T =
2
β
tanh
(
βt
2
)
, (3.35)
we find that the metric takes the form,
ds2 =
(
1− β
2
4
T 2
)−2
(−dT 2 + dx2), (|T | ≤ 2/β) .
(3.36)
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FIG. 2: The Penrose diagram for the solution (3.25), in which
the singularities at t = ±∞, denoted by the curves ÂEB
and ÂFB, are coordinate ones, and represent the physical
boundaries of the space-time.
It is interesting to note that the above metric is singular
at T = ±2/β. But, as shown above, this corresponds to
coordinate singularities. In fact, they are the space-time
boundaries, and any observer will need infinite proper
time to reach them starting from any finite time. The
corresponding Penrose diagram is given by Fig. 2.
Finally, we note that the similarity of the metric (3.25)
with the dS2 metric,
ds2dS2 = −dt2 + cosh2(βt)dχ2, (3.37)
where 0 ≤ χ ≤ pi with the hypersurfaces χ = 0 and χ = pi
identified, so the whole space-time has a R1 × S1 topol-
ogy. The space-time is complete in these coordinates.
This can be seen clearly by embedding Eq.(3.37) into a
3-dimensional Minkowski space-time ds23 = −dv2 +dw2 +
dX2 with [41],
v =
1
β
sinh(βt), w =
1
β
cosh(βt) cos
(
χ
β
)
,
X =
1
β
cosh(βt) sin
(
χ
β
)
, (3.38)
which is a hyperboloid,
− v2 + w2 +X2 = β−2, (3.39)
in the 3-dimensional Minkowski space-time. The two
metrics (3.25) and (3.37) becomes asymptotically identi-
fied when |t|  β−1, provided that the coordinate χ is
unrolled to −∞ < χ <∞.
Case b) |K| > β: In this case, following what was
done in the last case, it can be shown that
K = −β coth
(
βt
2
)
, γ = sinh2
(
βt
2
)
γˆ(x), (3.40)
and the corresponding line element takes the form,
ds2 = −dt2 + sinh4
(
β
2
t
)
dx′2. (3.41)
Similar to the last case, the metric is singular at t = ±∞.
However, these are coordinate ones, as in the last case.
In fact, following what we did there, we find that the
following forms a freely-falling frame,
eµ(0) =
±√√√√1 + p2
4 sinh4
(
βt
2
) , p
2 sinh4
(
βt
2
)
 ,
eµ(1) =
± p
2 sinh2
(
βt
2
) ,
√
1 + p
2
4 sinh4( βt2 )
sinh2
(
βt
2
)
 , (3.42)
for which we have
R(0)(0) = −R(1)(1) = −1
2
β2 cosh(βt) cosh−2
(
βt
2
)
,
R(1)(0) = 0. (3.43)
It is clear that all of these components, representing the
tidal forces exerted on the observer, are finite. From
Eq.(3.42) one can also show that
∆τ =
∫ ∞
t0
2 sinh2
(
βt
2
)
√
4 sinh4
(
βt
2
)
+ p2
=∞, (3.44)
for any finite t0. That is, starting at any given finite
moment, t0, the observer will reach t =∞ after spending
infinite proper time, i.e., t = ∞ represents the space-
time boundary. Similarly, one can show that t = −∞
represents the past timelike infinity.
However, in contrast to the last case, the space-time
now becomes singular at t = 0. This singularity is a
scalar singularity, as one can see from Eq.(3.40) and the
expression for the 2-dimensional Ricci scalar,
R = β2
[
1 + coth2
(
β
2
t
)]
. (3.45)
To study its global properties, we first introduce the
new coordinate T via the relation
T = − 2
β
coth
(
β
2
t
)
, (3.46)
which maps t ∈ (−∞, 0) into the region T ∈ (2/β,∞),
and t ∈ (0,∞) into the region T ∈ (−∞,−2/β). In
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FIG. 3: The Penrose diagram for the solution (3.41), in which
the space-time is singular at both past and further null infini-
ties (T = ±∞ or t = 0), denoted by the lines AC, AD, BC
and BD. The curved lines, ÂEB and ÂFB, are free of space-
time singularities, and represent the physical boundaries of
the space-time.
particular, the time t = 0± are mapped to T = ∓∞, and
t = ±∞ to T = ∓2/β. In terms of T , we find that
ds2 =
[
1− β
2
4
T 2
]−2 (
−dT 2 + dx′2
)
, (|T | ≥ 2/β) .
(3.47)
The corresponding Penrose diagram is given by Fig. 3,
from which we can see that the nature of the singularity
at t = 0 is null.
It is remarkable to note that the metrics (3.36) and
(3.47) take the same form, but with different covering
ranges. In Eq.(3.36) we have |T | ∈ (0, 2/β), while in
Eq.(3.47) we have |T | ∈ (2/β,∞). The metrics are sin-
gular at |T | = 2/β, which represent the boundaries of the
spacetimes, represented, respectively, by Eqs.(3.36) and
(3.47).
3. Λ˜ = 0
Following what we have done in the above, it can be
shown that
K = −2
t
, γ = t2γˆ(x), (3.48)
and the line element takes the form
ds2 = −dt2 + t4dx′2. (3.49)
Setting
T = 1/t, (3.50)
then in the new coordinates we find that the metric takes
the form
ds2 =
1
T 4
(− dT 2 + dx′2), (3.51)
for which we have
K = −2T. (3.52)
That is, the space-time is singular at T = ±∞, and the
corresponding Penrose diagram is similar to that given
in Fig.1.
IV. QUANTIZATION OF 2D HL GRAVITY
In the projectable HL gravity, the action (2.10) reduces
to
SHL = ζ
2
∫
dtdxNγ
[
(1− λ)K2 − 2Λ], (4.1)
where K is given by Eq.(2.7). In the following, we’ll
quantize the field by following Dirac’s approach.
A. Hamiltonian Formulation and Dirac
Quantization
Starting from the action Eq.(4.1), if we treat γ as a
dynamical variable, its canonical momentum is found to
be
pi ≡ ∂L
∂γ˙
= 2ζ2(λ− 1)K. (4.2)
After the Legendre transformation, the corresponding
canonical Hamilton is given by
Hc(t) =
∫
dx
(
NH(x) +N1(x)H1(x)
)
, (4.3)
here the time variable is suppressed. With the pro-
jectability condition, the momentum constraint is local
while the Hamiltonian constraint is global, that is,
H1 = −pi
′
γ
≈ 0, (4.4)∫
dxH(x) =
∫
dx
( pi2γ
4ζ2(1− λ) + 2Λζ
2γ
)
≈ 0. (4.5)
Straightforward calculations give us their Poisson brack-
ets,
{H(x),H(x′)} = 0,
{H(x),H1(x′)} = H(x
′)
γ2(x′)
δx′(x− x′)
+
piH1δ(x− x′)
ζ2(1− λ) ≈ 0,
8{H1(x),H1(x′)} = 2H1(x
′)δx′(x− x′)
γ2(x′)
−2γ
′H1
γ3
δ(x− x′) + H
′
1
γ2
δ(x− x′)
≈ 0. (4.6)
Therefore, we’ve got all the constraints and the physical
degrees of freedom of the theory per space-time point
(N ) are
N = 1
2
(
dimP − 2N1 −N2
)
=
1
2
(
4− 2 ∗ 2− 0) = 0. (4.7)
Here dimP means the dimension of the phase space,
N1(N2) denotes the number of first-class (second-class)
constraints. Meanwhile, the local momentum constraint
indicates that pi is a function of time only, i.e.,
pi(x, t) = pi(t). (4.8)
Note also that the canonical momentum pi(t) is invariant
under the gauge transformation, as can been seen from
the expression,{
pi(x),
∫
dx′ξ(x′)H1(x′)
}
=
ξ(x)H1(x)
γ(x)
, (4.9)
which vanishes on the constraint surface. For complete-
ness, we also give the variation of γ under the spatial
diffeomorphism,{
γ(x),
∫
dx′ξ(x′)H1(x′)
}
=
(
ξ
γ
)′
. (4.10)
Since the momentum pi is only a function of time,
we can obtain an equivalent constraint by integrating
Eq.(4.5) directly, and then we have
H(pi, L) =
pi2L
4ζ2(1− λ) + 2Λζ
2L ≈ 0, (4.11)
with
L(t) =
∫
dxγ(t, x), (4.12)
which is gauge-invariant owing to Eq.(4.10). It’s worth
noting that pi(t) can be regarded as conjugate momen-
tum to the invariant length L(t). Starting from the basic
relation
{γ(x), pi(y)} = δ(x− y), (4.13)
then integrating both sides with respect to x and y, since
pi is independent of spatial coordinate y, we directly get
{L(t), pi(t)} = 1. (4.14)
Now following Dirac’s approach, by promoting Eq.(4.14)
to the commutation relation [Lˆ, pˆi] = i, we get the
Wheeler-DeWitt equation in the coordinate representa-
tion,
HˆΨ = 0. (4.15)
However, there is ordering ambiguity arising from the
term Lpi2 in Eq.(4.11) [34]. In the following we consider
each of the possible orderings, separately.
1. : pi2L : = Lˆpˆi2
In this case, the Hamiltonian constraint reads
L
(
∂2
∂L2
− Λ˜µ2
)
Ψ = 0, (4.16)
where µ ≡ 4ζ2|1 − λ|
√
|Λ˜|, and Λ˜ is a sign function
which is one for Λ˜ > 0, zero for Λ˜ = 0 and negative one
for Λ˜ < 0. For Λ˜ > 0, the general solution is
Ψ(L, t) = C1e
µL + C2e
−µL. (4.17)
It can be shown that this solution is not normalizable
even with C1 = 0 with respect to the measure L
−1dL in
the interval (0,+∞). For Λ˜ = 0, we have
Ψ(L, t) = A1L+A2, (4.18)
while when Λ˜ < 0, we find
Ψ(L, t) = B1 sin (µL+B2) , (4.19)
here A1, A2, B1 and B2 are some parameters independent
of L. Again none of these wavefunctions are normalizable
with respect to the measure L−1dL.
2. : pi2L : = pˆiLˆpˆi
In this case, we have
∂
∂L
(
L
∂Ψ
∂L
)
− Λ˜µ2LΨ = 0. (4.20)
When Λ˜ > 0, its general solution is given by the linear
combination of modified Bessel functions of the first and
second kind, denoted, respectively, by I and K, that is,
Ψ(L, t) = C3I0(µL) + C4K0(µL). (4.21)
However, the normalizable condition with the flat mea-
sure dL in the interval (0,+∞) leads to
C3 = 0, C4 =
2
pi
√
µ. (4.22)
For Λ˜ = 0, we obtain
Ψ(L, t) = A3 lnL+A4, (4.23)
9which cannot be normalized in the interval (0,+∞).
When Λ˜ < 0, the general solution is given by
Ψ(L, t) = B3J0(µL) +B4Y0(µL), (4.24)
which is a linear combination of Bessel functions of the
first and second kind. This wave function can’t be nor-
malized either.
3. : pi2L : = pˆi2Lˆ
In this case, we have
∂2
∂L2
(
LΨ
)
− Λ˜µ2LΨ = 0. (4.25)
When Λ˜ > 0, the general solution of the above equation
is given by,
Ψ(L, t) =
1
L
(
C5e
−µL + C6eµL
)
, (4.26)
where C5 and C6 are the integration constants. Similar
to the first case, the wavefunction now is also not nor-
malizable for any given C5 and C6 with respect to the
measure LdL in the interval (0,+∞). When Λ˜ = 0, the
solution is
Ψ(L, t) = A5 +
A6
L
, (4.27)
For Λ˜ < 0, we find
Ψ(L, t) =
1
L
[B5 sin (µL+B6)] . (4.28)
None of these wavefunctions are normalizable with re-
spect to the measure LdL in the interval (0,+∞).
B. Simple Harmonic Oscillator
In this subsection, we shall show that under canoni-
cal transformation the above system can be reduced to
that of a simple harmonic oscillator. By using the gauge
freedom, we can always set
N(t) = 1, N1 = 0. (4.29)
Then, applying the momentum constraint (4.8), the
canonical Hamilton (4.3) reduces to
H(L, pi) = L
[
pi2
4ζ2(1− λ) + 2ζ
2Λ
]
, (4.30)
with L given by Eq.(4.12). After the canonical transfor-
mation,
L = x2, pi =
p
2x
, (4.31)
we find that Eq.(4.14) yields {x, p} = 1, and Eq.(4.30)
takes the form,
H ′(x, p) =
p2
16ζ2(1− λ) + 2Λζ
2x2. (4.32)
However, this new Hamilton constraint (4.32) can only
be equivalent to the original one (4.30) on the classical
level. One can immediately understand this point when
trying to find the solution to the corresponding Wheeler-
DeWitt equation,
H ′(xˆ, pˆ)Ψ = 0, (4.33)
which yields no physical states due to non-vanishing of
the energy of the ground state of the quantized oscillator.
Hence, we employ the following ansatz for the quantum
canonical transformation,
Lˆ = xˆ2, pˆi =
1
4
(
1
xˆ
pˆ+ pˆ
1
xˆ
)
. (4.34)
Correspondingly, some terms can be transformed into the
forms,
Lˆpˆi2 =⇒ pˆ
2
4
+
i
2
1
xˆ
pˆ− 5
16xˆ2
, (4.35)
pˆiLˆpˆi =⇒ pˆ
2
4
− 1
16xˆ2
, (4.36)
pˆi2Lˆ =⇒ pˆ
2
4
− i
2
1
xˆ
pˆ+
3
16xˆ2
. (4.37)
Now setting,
Lpi2 7→ 1
3
(
Lˆpˆi2 + pˆiLˆpˆi + pˆi2Lˆ
)
, (4.38)
we find that the new Hamilton under the canonical trans-
formation (4.34) is given by,
H˜ =
pˆ2
16ζ2(1− λ) + 2Λζ
2xˆ2 − 1
64ζ2(1− λ)xˆ2 . (4.39)
Then, we can introduce the creation and annihilation op-
erators,
a = c0
(
x+
ip
8ζ2(1− λ)
√
Λ˜
)
,
a† = c0
(
x− ip
8ζ2(1− λ)
√
Λ˜
)
, (4.40)
with c0 ≡ 2ζ
√
1− λΛ˜1/4, and
[a, a†] = 1. (4.41)
In terms of a, a† and xˆ, we find
H˜ = ~ω
(
a†a+
1
2
)
− 1
64ζ2(1− λ)xˆ2 , (4.42)
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where ~ω ≡
√
Λ˜. Clearly, to have a well defined vacuum,
we must require Λ˜ > 0, that is
Λ
1− λ > 0. (4.43)
Then, the Wheeler-DeWitt equation reads,
H˜(xˆ, pˆ)|Ψ〉 = 0. (4.44)
Expanding |Ψ〉 in terms of the complete set {|n〉},
|Ψ〉 =
∞∑
n=0
an|n〉, (4.45)
we find that
a0 + 10
√
2a2 = 0, (4.46)
17a1 + 14
√
6a3 = 0, (4.47)
and for n ≥ 2,
(4n− 6)
√
n(n− 1)an−2 + (8n2 + 8n+ 1)an
+(4n+ 10)
√
(n+ 1)(n+ 2)an+2 = 0. (4.48)
Therefore, the wavefunction is given by
Ψ(x) = 〈x|Ψ〉 =
∞∑
n=0
anψn(x), (4.49)
where x =
√
L, and
ψn(x) ≡ 〈x|n〉 = (2µ)
2n+1
pi1/4
√
2nn!
×
(
x− 1
2µ
d
dx
)n
e−µx
2
. (4.50)
Thus, we find that Ψ(L) ∝ e−µL, which is similar to
the ones obtained by the Dirac quantization, although
they are not precisely equal, as we used two quite differ-
ent approaches to obtain the corresponding Hamiltons of
quantum mechanics, as one can see from Eqs.(4.11) and
(4.42).
From Eq.(4.40), on the other hand, we find〈
m |L|n〉 = `HL[(2n+ 1)δm,n +√n(n− 1)δm,n−2
+
√
(n+ 1)(n+ 2)δm,n+2
]
, (4.51)
where `HL ≡ 1/(4c20) denotes the meanvalue of the gauge-
invariant length operator L [cf. Eq.(4.12)] in the ground-
state
∣∣0〉 , i.e., 〈
0 |L| 0〉 = `HL. (4.52)
0
C. Quantization of Spacetimes with L(t) = 0
It should be noted that, in the above studies, either in
terms of the Dirac quantization or in terms of the har-
monic oscillator, we implicitly assumed L(t) 6= 0. Classi-
cally, this corresponds to the case studied in Sec. III.A,
in which solutions exist only when Λ˜ > 0, and the corre-
sponding space-time is de Sitter. But, quantum mechan-
ically the quantization can be carried out for any given
Λ˜ ∈ (−∞,∞).
In addition, classical solutions exist even when L(t) =∫ L∞
−L∞ γ(t, x)dx = 0. In this case, the classical solutions
are given by
γ(t, x) = γ0(x)γˆ(t), (4.53)
where ∫ L∞
−L∞
γ0(x)dx = 0, (4.54)
that is, γ0(x) is an odd function of x. The function γˆ(t)
satisfies the equation of motion, Eq.(3.8). Of course,
in this case the Hamiltonian constraint (3.2) is satisfied
identically, while the momentum constraint is satisfied,
provided that
pi(t, x) = pi(t). (4.55)
Then, Eq.(3.8) reads,
2¨ˆγγˆ − ˙ˆγ2 + 4Λ˜γˆ2 = 0, (4.56)
which can be obtained from the effective action,
Sγˆ =
∫
Lγˆdt, (4.57)
where
Lγˆ =
˙ˆγ
2
γˆ
− 4Λ˜γˆ. (4.58)
After the Legendre transformation, the corresponding
Hamilton turns out to be
Hγˆ =
1
4
γˆpiγˆ
2 + 4Λ˜γˆ, (4.59)
where piγˆ is momentum conjugate of γˆ. Remarkably,
this Hamilton is nothing but the one precisely given by
Eq.(4.11). Therefore, its quantization can be carried out
in the same ways as we just did above: either by the
standard Dirac quantization or by the harmonic oscil-
lator quantization. Thus, in the following we shall not
repeat the above processes.
V. COUPLING WITH A SCALAR FIELD
When the 2d HL gravity couples to a scalar field φ, the
total action becomes
S = SHL + Sφ, (5.1)
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where Sφ denotes the action of the scalar field. To be
power-counting renormalizable, the marginal terms of Sφ
must be at least of dimension 2z with z ≥ d. Since φ is
dimensionless, one can see that the marginal terms are
∇iφ∇iφ and ai∇iφ. Then, Sφ must take the form,
Sφ =
∫
dtdxN
√
g
[1
2
(∂⊥φ)
2 − α0 (∇iφ)2 − V (φ)
−α1φ∇iai − α2φai∇iφ
]
. (5.2)
Here ∂⊥ ≡ N−1
(
∂t −N i∇i
)
, V (φ) denotes the poten-
tial of the scalar field, and αn are dimensionless cou-
pling constants 4. In the relativistic limit, we have
(α0, α1, α2)GR = (1, 0, 0).
A. Classical Field Equations
In the projectable case, we have ai = 0 and the last
two terms in Eq.(5.2) vanish. Then, the variations of
the total action with respect to N, γ,N1 and φ, yield,
respectively,∫
dx
{[
γ˙2
κγ
+ 8ζ2Λγ
]
+
2c2φ
γ
φ′2
+
[
2γφ˙2 + 4γV (φ)
]}
= 0, (5.3)
(
γ˙
γ
).
+
1
2
(
γ˙
γ
)2
+ 2Λ˜ = κ
(
φ˙2 +
c2φ
γ2
φ′2 − 2V (φ)
)
,
(5.4)(
γ˙
γ
)′
= 2κφ˙φ′, (5.5)(
γφ˙
)·
− c2φ
(
φ′
γ
)′
+ γ
dV (φ)
dφ
= 0, (5.6)
where c2φ ≡ 2α0 must be non-negative in order for the
scalar field to be stable, and
κ =
1
4ζ2 (1− λ) . (5.7)
Note that in the vacuum case γ is a function of t only,
as shown previously. However, because of the presence
of the scalar field, now it in general is a function of both
t and x. To compare it with the vacuum case, in the
following let us consider the case γ = γ0(x)γ(t) only.
In fact, as to be shown below, this is also the case where
the corresponding Hamiltonian constraint becomes local,
while the momentum constraint can be solved explicitly.
4 Since the scalar field φ is dimensionless, these coefficients in prin-
ciple can be arbitrary functions of φ. In this paper, we consider
only the case where they are constants.
Setting γ = γ0(x)γ(t), from Eq.(5.5) we can choose
that φ = φ(t). Then, Eqs.(5.3), (5.4) and (5.6) reduce,
respectively, to∫
dx
{
γ˙2
κγ
+ 8ζ2Λγ + 2γφ˙2 + 4γV (φ)
}
= 0,(5.8)(
γ˙
γ
).
+
1
2
(
γ˙
γ
)2
+ 2Λ˜ = κ
(
φ˙2 − 2V (φ)
)
, (5.9)(
γφ˙
)·
+ γ
dV (φ)
dφ
= 0. (5.10)
To solve the above equations, we further assume that
V (φ) = Λ˜ = 0. Then from Eq.(5.10), we know
φ˙ =
φ0
γ(t)
, (5.11)
here φ0 is a constant. Combining with Eq.(5.9), we derive
an equation for γ(t),
γ¨(t)γ(t)− 1
2
γ˙(t)2 = κφ20. (5.12)
One of the solutions can be easily obtained, and is given
by
γ(t) = (c0 + c1t)
2
+
κφ20
2c21
, (5.13)
φ(t) =
√
2
κ
arctan
(√
2
κ
c1(c0 + c1t)
φ0
)
+ φ1, (5.14)
where c0, c1 and φ1 are constants. In order to make
our solution consistent with the integral constraint (5.8),
we require γ(t, x) to be an odd function of x, so that
Eq.(3.18) also holds here. Keeping this in mind and then
using the residual gauge freedom, we find the metric takes
the form,
ds2 = −dt2 + (t2 + κt2s)2 dx2, (5.15)
here κ ≡ sign(κ), and
t2s ≡
|κ|φ20
2c41
. (5.16)
Following what we did in Section III, we can derive
the extrinsic curvature K, Ricci scalar R, and the com-
ponents of the tidal forces, given, respectively by,
K = − t
2
R = − 2c
2
1t
t2 + κt2s
, (5.17)
R(1)(1) = −R(0)(0) = 2c
2
1
t2 + κt2s
. (5.18)
Therefore, the singularities of the spacetime are deter-
mined directly by the signs of κ. In particular, if λ ≤ 1,
the spacetime is free of space-time singularities. For
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FIG. 4: (a) The Penrose diagram for the solution (5.15)
with λ ≤ 1 (or κ ≥ 0), in which the whole space-time is free
of space-time singularities. (b) The Penrose diagram for the
solution (5.15) with λ > 1 (or κ < 0), in which the space-time
is singular on t = ±ts, denoted by the thick solid curves ĈED
and ĈE′D. Thus, in this case the two regions I and I ′ are
causally disconnected.
λ > 1, on the other hand, there is a curvature singu-
larity located at
t = ±ts. (5.19)
The corresponding Penrose diagrams are given in Fig.4.
It should be noted that, instead of imposing the condi-
tion (3.18), we can set the integrand of the Hamiltonian
constraint to zero. But, this will require C1 = 0, and the
corresponding space-time is flat.
B. Hamiltonian Structure and Canonical
Quantization
When coupling with the scalar field, the Hamiltonian
and momentum constraints become,∫
dxH(x) =
∫
dx
[
pi2γ
4ζ2(1− λ) + 2Λζ
2γ +
pi2φ
2γ
+
α0φ
′2
γ
+ γV (φ)
]
, (5.20)
H1 = −pi
′
γ
+
piφφ
′
γ2
, (5.21)
here piφ denotes the canonical moment conjugate to the
scalar field φ. Similarly, the Poisson brackets of the two
constraints are given by,
{H(x),H1(x′)} = H(x
′)δx(x− x′)
γ2(x′)
+
piH1δ(x− x′)
ζ2(1− λ) ,
{H1(x),H1(x′)} = 2H1(x)δx
′(x− x′)
γ2(x)
+
2γ′H1
γ3
δ(x− x′)− H
′
1
γ2
δ(x− x′).
(5.22)
For the non-local Hamiltonian constraint we also find{∫
dxH(x),
∫
dx′H(x′)
}
= 0, (5.23)
as long as piφφ
′/γ2 vanishes on boundaries.
In the rest of this paper, we only consider the quanti-
zation of the system for the case,
φ′ = 0 = pi′, (5.24)
in order to compare with what we obtained in the pure
gravity case. As a matter of fact, this also makes the
problem considerably simpler and tractable. Under the
above assumption, the Hamiltonian constraint reads,
H(t) =
pi2L
4ζ2(1− λ) +2Λζ
2L+
Lφ˙2
2
+LV (φ) ' 0. (5.25)
It must be noted that in writing down the above expres-
sion, we performed the spatial integration and used the
fact that
piφ = γφ˙, (5.26)
with the gauge choice N = 1 and N1 = 0. On the other
hand, from the canonical relation,
{φ(x), piφ(y)} = δ(x− y), (5.27)
we can integrating both sides with respect to the spa-
tial coordinates x and y, and then use Eq.(5.26) and the
constraint φ = φ(t), to obtain
{φ(t), L(t)φ˙(t)} = 1, (5.28)
which enables us to identify piφ as piφ = Lφ˙. Now making
this substitution in the Hamiltonian constraint (5.25), we
find the Hamilton with two discrete physical degrees of
freedom, L and φ, takes the form,
H(t) =
pi2L
4ζ2(1− λ) + 2Λζ
2L+
pi2φ
2L
+ LV (φ). (5.29)
Thus, the Wheeler-Dewitt equation now reads,
Hˆ(t)Ψ(L, φ; t) = 0. (5.30)
If we further assume that the potential of the scalar field
can be ignored, V (φ) ' 0, we are able to find solutions
to Eq.(5.30) by separation of variables. In this case, as-
suming
Ψ(L, φ) = X(L)Y (φ), (5.31)
we obtain two independent equations,
Y ′′(φ) +mY (φ) = 0, (5.32)[
Lpi2
]
X(L) +
(
µ2L+ λ
mµ
2
√
Λ˜L
)
X(L) = 0. (5.33)
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Here [Lpi2] means some specific ordering of L and pi, m
is an undetermined parameter, µ is given as in the pure
gravity case, and λ is one for λ < 1 and negative one for
λ > 1. Eq.(5.32) has the general solution,
Y (φ) = D1 sin
(√
mφ+D2
)
, (5.34)
where D1,2 are tow integration and possibly complex con-
stants. To solve Eq.(5.33), just as in the pure gravity
case, there are three different orderings, which will be
considered below, separately.
1. : pi2L : = Lˆpˆi2
In this case, the Hamiltonian constraint reads
L2X ′′ − (Λ˜µ2L2 + k2)X = 0, (5.35)
where k2 ≡ 2λmζ2|1 − λ| and Λ˜ is defined in Sec. IV.
For Λ˜ > 0, the general solution is given by the linear
combination of modified Bessel functions of the first and
second kind, denoted by Iν and Kν , respectively, that is,
X =
√
L {C1Iν(Lµ) + C2Kν(Lµ)} , (5.36)
Here ν ≡ √1 + 4k2/2. Generally, this wave-function is
not normalizable with respect to the measure dL/L in
the interval (0,+∞). However, if |<(ν)| < 1/2, we have
the normalized function, given by
Xnorm =
1
pi
√
4µ
sec (piν)
Kν (Lµ) . (5.37)
In this particular case for −1/4 ≤ k2 < 0, depending
on the value of λ, the parameter m can be either pos-
itive or negative. When it is positive, in order to have
a normalizable wave function Ψ(L, φ) of Eq.(5.31), we
need to restrict the domain of φ to some finite region, for
example (0, 2pi), then it would be straightforward to nor-
malize Y (φ) from Eq.(5.34) in that finite region. When
m is negative, Y (φ) can be normalizable either in the re-
gion φ ∈ (−∞, 0) or φ ∈ (0,∞), so can the wavefunction
Ψ(L, φ).
For Λ˜ = 0, the solution is given by
X =
√
L
(
A1L
+ν +A2L
−ν) , (5.38)
while for Λ˜ < 0, we find
X =
√
L (B1Jν(µL) +B2Yν(µL)) . (5.39)
Here ν is defined as in the case Λ˜ > 0. None of these
two wave functions are normalizable with respect to the
measure L−1dL in the interval (0,+∞).
2. : pi2L : = pˆiLˆpˆi
In this case, we have
L2X ′′ + LX ′ − (Λ˜µ2L2 + k2)X = 0. (5.40)
Thus, for Λ˜ > 0, the general solution is given by,
X = C1Ik(Lµ) + C2Kk(Lµ). (5.41)
Again, for 0 ≤ k2 < 1/4, we have the normalized function
X(L) given by
Xnorm =
1
pi
√
4µ
sec (pik)
Kk (Lµ) . (5.42)
Similar to the last case, Y (φ) is normalized only in some
restricted domains, depending on the signs of m.
When Λ˜ = 0, its general solution is
X = A1L
k +A2L
−k, (5.43)
while for Λ˜ < 0, it is given by
X = B1Jk(µL) +B2Yk(µL). (5.44)
It can be shown that none of these two wavefunctions are
normalizable in the interval (0,+∞).
3. : pi2L : = pˆi2Lˆ
In this case, we have
L2X ′′ + 2LX ′ − (Λ˜µ2L2 + k2)X = 0. (5.45)
Then, for Λ˜ > 0, we find
X = C1j−ν−1/2(−iLµ) + C2y−ν−1/2(−iLµ), (5.46)
here jν , yν denote spherical Bessel functions of the first
and second kind. When Λ˜ = 0, we find that
X = L−1/2
(
A1L
ν +A2L
−ν) , (5.47)
while for Λ˜ < 0, we have
X = C1jν−1/2(µL) + C2yν−1/2(µL). (5.48)
It can be shown that in this case none of these wave
functions are normalizable with respect to the measure
LdL in the interval (0,+∞).
C. Two Interacting Simple Harmonic Oscillators
Similar to what we have done in the pure gravity case,
we can also treat the Hamilton given by Eq.(5.29) as
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consisting of harmonic oscillators. To this goal, let us
first make the transformations
L(t) = y21(t)− y22(t),
φ(t) =
√
2ζ2(λ− 1) ln
(
y1(t) + y2(t)
y1(t)− y2(t)
)
, (5.49)
for which we are able to convert Eq.(5.26) into the form,
L = 1
2
m
[ (
y˙21 − ω2y21
)− (y˙22 − ω2y22) ]
−Ve(y1, y2), (5.50)
but now with
m ≡ 8(1− λ)ζ2, ω2 ≡ Λ
2(1− λ) ,
Ve(y1, y2) ≡
(
y21 − y22
)
V
(
φ(y1, y2)
)
. (5.51)
Clearly, Eq.(5.50) describes the interaction between
two simple harmonic oscillators, one with positive energy
and the other with negative energy. Thus, in order for
the system to have a total positive energy, the interaction
between them is important.
To process further, we need to consider particular po-
tential V (φ), which will be model-dependent. So, in the
following we shall not pursue the quantization alone this
direction further.
D. Quantization of Spacetimes with L(t) = 0
Just like in the pure gravity part, when L(t) = 0, we
again have γ(t, x) = γ0(x)γˆ(t), where γ0(x) is an odd
function of x, so Eq.(4.54) is satisfied, which in turn guar-
antees that the Hamiltonian constraint (5.20) is automat-
ically satisfied, while the momentum constraint (5.21)
will be also satisfied when pi = pi(t) and φ = φ(t). Then,
the equations of motion (5.4) and (5.6) can be obtained
from the effective Lagrange,
L(γ,φ) ≡ γ˙
2
γ
+ 2κγφ˙2 − 4Λ˜γ − 4κγV (φ). (5.52)
Note that in writing the above equation, we had dropped
the hat from γ. Then, the corresponding Hamilton is
given by
H(γ,φ) =
pi2γ
4
γ +
pi2φ
8κγ
+ 4Λ˜γ + 4κγV (φ), (5.53)
which has the same form as the Hamilton given by
Eq.(5.29). Therefore, its quantization can be followed
precisely what we did in the above, which will not be
repeated here.
VI. CONCLUSIONS
In this paper, we have studied the quantization of the
(1+1)-dimensional projectable HL gravity. In particular,
after giving a brief review of the theory with or without
the projectability condition in Sec. II, we have devoted
Sec. III to study vacuum solution of the classical HL
gravity, and found all the solutions in the projectable
case. These solutions can be divided into several classes,
and each of them have different local and global prop-
erties. Their corresponding Penrose diagrams are given,
respectively, by Figs. 1, 2 and 3.
In Sec. IV, after working out the Hamiltonian struc-
ture and solving the momentum constraint explicitly for
the projectable vacuum HL gravity, we have showed that
the resulting Hamilton can be quantized by following the
standard Dirac quantization. When moving from the
classical Hamilton to the quantum mechanical one, or-
dering ambiguity always appears. We have found that
for some orderings the corresponding wavefunctions are
normalizable. In addition, the Hamilton can also be writ-
ten in the form of a simple harmonic oscillator, whereby
its quantization can be carried out in the standard way.
Again, the orderings of relevant operators play an essen-
tial role, so that the Weeler-DeWitt equation Hˆ |Ψ〉 = 0
has non-trivial solutions.
In Sec. V, we have extended the studies carried out
in Sec. IV to couple minimally with a scalar field, and
solved the momentum constraint in the case where the
fundamental variables are functions of time only. In this
particular case, the quantization of the coupled system
can also be carried out by the standard Dirac process.
After writing the corresponding Hamilton in terms of two
interacting harmonic oscillators, we have found that one
of them has positive energy, and the other has negative
energy, once the interaction is turned off.
A remarkable feature is that the space-time can be
quantized, even it classically has various singularities [cf.
Figs.1 and 4]. In this sense, the classical singularities are
indeed smoothed out by the quantum effects.
It should be noted that in this paper we have mainly
studied the case with the projectability condition. It
would be very interesting to see what will happen if such
condition is relaxed. We wish to come back to this case
soon.
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